We define a simple orthogonal polyhedron to be a three-dimensional polyhedron with the topology of a sphere in which three mutually-perpendicular edges meet at each vertex. By analogy to Steinitz's theorem characterizing the graphs of convex polyhedra, we characterize the graphs of simple orthogonal polyhedra: they are exactly the 3-regular bipartite planar graphs in which the removal of any two vertices produces at most two connected components. We also characterize two subclasses of these polyhedra: corner polyhedra, which can be drawn by isometric projection in the plane with only one hidden vertex, and xyz polyhedra, in which each axis-parallel line through a vertex contains exactly one other vertex. Based on our characterizations we find efficient algorithms for constructing orthogonal polyhedra from their graphs.
INTRODUCTION
Steinitz's theorem [37, 59, 66] characterizes the skeletons of three-dimensional convex polyhedra in purely graph-theoretic terms: they are exactly the 3-vertex-connected planar graphs. In one direction, this is straightforward to prove: every convex polyhedron has a skeleton that is 3connected and planar. The main content of Steinitz's theorem lies in the other direction, the statement that every 3-connected planar graph can be represented as a polyhedron. Steinitz's theorem, together with Balinski's theorem that every d-dimensional polytope has a d-connected skeleton [3] , form the foundation stones of polyhedral combina-Permission to make digital or hard copies of all or part of this work for personal or classroom use is granted without fee provided that copies are not made or distributed for profit or commercial advantage and that copies bear this notice and the full citation on the first page. To copy otherwise, to republish, to post on servers or to redistribute to lists, requires prior specific permission and/or a fee. SCG'10, June 13-16, 2010, Snowbird, Utah, USA. Copyright 2010 ACM 978-1-4503-0016-2/10/06 ...$10.00. torics; Grünbaum writes [37] that Steinitz's theorem is "the most important and deepest known result on 3-polytopes."
However, analogous results characterizing the skeletons of other classes of polyhedra or higher dimensional polytopes have been elusive. As Ziegler [66] writes, "No similar theorem is known, and it seems that no similarly effective theorem is possible, in higher dimensions." Even in three dimensions, generalizations to higher genus surfaces are difficult: it was open for many years whether the toroidal embedding of K7 as the Császár polyhedron [19] could be generalized to realize the complete graph K12 as the boundary of a (genus six) triangulated polyhedral surface, although this is now known to be impossible [10] .
In this paper, we characterize another class of three-dimensional non-convex polyhedra, which we call simple orthogonal polyhedra ( Fig. 1) : polyhedra with the topology of a sphere, with simply-connected faces, and with exactly three mutually-perpendicular axis-parallel edges meeting at every vertex. We also consider two special cases of simple orthogonal polyhedra, which we call corner polyhedra and xyz polyhedra. A corner polyhedron ( Fig. 1, left) is a simple orthogonal polyhedron in which all but three faces are oriented towards the vector (1, 1, 1); it can be drawn in the plane by isometric projection with only one the vertex incident to the three back faces hidden. Although we use corner polyhedra primarily as a building block to our main results on simple polyhedra, they are closely related to the solid Young diagrams of plane partitions studied widely in mathematics [16] . An xyz polyhedron ( Fig. 1, center) is a simple orthogonal polyhedron in which each axis-parallel line contains at most two vertices. We show:
• The graphs of simple orthogonal polyhedra are exactly the cubic (that is, 3-regular) bipartite planar graphs such that the removal of any two vertices leaves at most two connected components.
• The graphs of xyz polyhedra are exactly the cubic bipartite polyhedral (that is, planar 3-connected) graphs.
• The graphs of corner polyhedra are exactly the cubic bipartite polyhedral graphs such that every separating triangle of the planar dual graph has the same parity (we define the parity of a separating triangle later). A special case of this result, that we use as the building black for all our other constructions, is that every cubic bipartite polyhedral graph with a 4-connected planar dual is the graph of a corner polyhedron.
Based on our graph-theoretic characterizations of these classes of polyhedron, we find efficient algorithms for finding a poly- Figure 1 : Three types of simple orthogonal polyhedron: Left, a corner polyhedron. Center, an xyz polyhedron that is not a corner polyhedron. Right, a simple orthogonal polyhedron that is not an xyz polyhedron. Figure 2 : Three orthogonal polyhedra that are not simple: Left, more than three edges meet at a vertex. Center, the bidiakis cube, with edges and faces meeting non-perpendicularly. Right, an orthogonally convex orthogonal polyhedron (a polyhedron such that every axis parallel line intersects it in a single interval) that does not have the topology of a sphere.
hedral realization of the graph of any corner polyhedron, xyz polyhedron, or simple orthogonal polyhedron. Beyond the obvious applications of our results in graph drawing and architectural design, we believe that these results may have applications in image understanding, where an analysis of the structure of polyhedral and rectilinear objects has been an important subtopic [44, 48, 62] . Due to space considerations we defer the proofs of our results to the full version of the paper [32] , and provide only a sketch of the main ideas of these proofs here.
RELATED WORK
Along with convex polyhedra, two other classes of polyhedra have previously-known graph-theoretic characterizations. They are the inscribable polyhedra (convex polyhedra with all vertices on a common sphere or, almost equivalently, graphs of Delaunay triangulations) [22, 40, 57] and a class of nonconvex polyhedra with star-shaped faces all but one of which are visible from a common viewpoint [41] .
The most direct predecessor of the work described here is our previous paper on three-dimensional bendless orthogonal graph drawing [30] . We defined an xyz graph to be a cubic graph with axis-parallel edges such that the line through each edge does not pass through any other vertex. These graphs may also be defined in a coordinate-free way from their points, as there can be only one way of rotating a point set to form a connected xyz graph [50] . From every xyz graph one may define an abstract topological surface by forming a face for every coplanar cycle; these faces may be 3-colored by the orientations of their defining planes. Conversely, for every 3-face-colored cubic topological cell com-plex on a manifold, assigning arbitrary distinct numbers to the faces and using these numbers as the Cartesian coordinates of the incident vertices leads to a representation as an xyz graph. As we proved, the planar xyz graphs are exactly the bipartite cubic 3-connected planar graphs. Unlike polyhedra, an xyz graph may have crossing points where pairs of edges or even triples of edges intersect ( Fig. 3 , left), and its face cycles may be linked in three-dimensional space. However, in some cases, an xyz graph may be drawn as an orthogonal polyhedron, eliminating all edge crossings; for instance, we found an orthogonal polyhedron representation of the truncated octahedron ( Fig. 3, right) , and based on this example we posed as an open problem the algorithmic question of determining which xyz graphs have a crossingfree representation. In this paper we answer that question in the planar case: all of them do, and more strongly all planar xyz graphs have not just a crossing-free but a polyhedral representation.
Biedl and Genc [8, 9] investigated analogues for orthogonal polyhedra of a different result about convex polyhedra, Cauchy's theorem [13] that specifying the shape of each face of a convex polyhedron fixes the shape of a whole polyhedron. In contrast, for nonconvex polyhedra, specifying the shape of each face is enough to fix the volume of the whole polyhedron under continuous motions [18] but there exist flexible nonconvex polyhedra with fixed face shapes and an uncountably infinite number of global configurations [17] . Analogously to Cauchy's theorem, fixing the shape of each face is enough to determine the shape of an orthogonally convex polyhedron [8] or more generally of an orthogonal polyhedron with the topology of a sphere [9] . (Note that Figure 3 : Two xyz graph representations of the truncated octahedron, from [30] . The first has many edge crossings, while the second forms an orthogonal polyhedron but not a corner poyhedron. The results of this paper provide a corner polyhedron representation of the same graph.
in these works a stronger definition of an orthogonally convex polyhedron than ours is used, namely, an orthogonally convex polyhedron in [8] is a polyhedron for which "every intersection with a plane perpendicular to a coordinate axis is a single orthogonally convex polygon.") Although these results concern a different problem, they suggest as do ours that orthogonal polyhedra may be closely analogous to convex polyhedra.
Rectangular layouts form an important two-dimensional analogue of orthogonal polyhedra. These are planar drawings of cubic graphs for which each edge is axis-parallel and has no bends, and in which every face (including the outer face) is a rectangle. Rectangular layouts have applications in the visualization of geographic data [55] , floorplan layout in architectural design [26, 56] , VLSI design [65] , treemap information visualization [12] , and graph drawing [46] . A plane graph admits a rectangular layout, with a given partition of its outer faces into the sides of an outer rectangle, if and only if a variant of its dual graph (with one dual vertex for each side of the outer rectangle rather than a single vertex for the outer face) is a plane triangulated graph with an exterior quadrilateral and no separating triangles [49] ; a closely related characterization also holds for the cubic graphs that can be drawn on a grid with no bends but without requiring that the faces be rectangles [54] . There is a combinatorial bijection between the rectangular layouts of a graph and its regular edge labelings or transversal structures, (improper) two-colorings of the edges of the dual graph together with an orientation for each edge satisfying certain constraints on the cyclic order in which the colored edges of each orientation meet each dual vertex [46] . The regular edge labelings of a graph form a distributive lattice [35, 36] and this lattice structure has algorithmic applications in finding rectangular layouts with additional properties [31, 33] . In our threedimensional problem, as in the two-dimensional case, dual separating triangles form an obstacle to embedding. Additionally, our new results use a structure closely related to a regular edge labeling, with three edge colors rather than two, although the local constraints on colorings and orientations are different than in the two dimensional case.
Schnyder [58] developed algorithms for embedding planar graphs with the vertices on an integer grid, but with edges of arbitrary slopes, based on the concept now known as a Schnyder wood, a (non-proper) 3-coloring of the edges of a maximal planar graph together with an orientation on each edge, with constraints about how the colors and orientations must be arranged at each vertex. Felsner and Zickfeld [34] study geometric representations of Schnyder woods as orthogonal surfaces that are very similar to the corner polyhedra we study here. Their representation provides an embedding of the input graph onto the surface found by their representation, but the edges of the embedding do not in general follow the edges of the orthogonal surface. Our results on corner polyhedra also involve colorings and orientations of maximal planar graphs (the dual graphs of the graphs we wish to represent), and our impetus for considering this sort of combinatorial data on a graph came from these two papers as well as from the work on two-dimensional rectangular representations and regular edge labelings. However there seems to be no direct connection between our results and the results of Schnyder, Felsner, and Zickfeld: our colorings are proper and our orientations do not form Schnyder woods, our polyhedral representation is not of the colored and oriented graph but of its dual, and unlike Felsner and Zickfeld we develop a polyhedral representation of a graph in which the graph edges and the polyhedron edges coincide.
More generally there has been a large body of research on planar and spatial embeddings of graphs on low-dimensional grids, or otherwise having a small number of edge slopes. Much of this work allows the edges of the graph to bend in order to follow the edges of the grid, and seeks to minimize the number of bends [2, 45, 60, 63, 64] ; as we show, for the graphs of corner polyhedra, isometrically projection leads to a hexagonal grid drawing with three slopes and only two bends, improving a bound of three bends by Kant [45] which however applies more generally to all 3-connected cubic planar graphs. Graph drawing researchers have also studied the slope number of a graph, the minimum number of distinct edge slopes needed to draw the graph in the plane with straight line edges and no bends [24, 25, 47, 52, 53] . Every graph of an orthogonal polyhedron, and every xyz graph, has slope number three, since a three-dimensional orthogonal representation may be transformed into a planar drawing with three slopes (allowing edge crossings) by axonometric projection. However, not every graph with slope number three comes from an orthogonal drawing in this way; for instance, K3 has slope number 3 but has no orthogonal drawing, as does Fig. 6 .
Both xyz graphs and our polyhedral representations can be viewed as embedding the given graph onto the three-dimensional integer grid, with axis-aligned edges that can have arbitrary lengths. Embedding a graph onto a grid with unit-length edges is NP-complete [6] . Embeddings with unit length edges that additionally preserve distances between vertices farther than one unit apart can be found in polynomial time, when they exist, for two-and threedimensional integer lattices [27] and hexagonal and diamond lattices [29] , but the graphs that have such embeddings (the partial cubes) form a restricted subclass of all graphs. The embeddings we consider in this paper only apply to cubic (3-regular) graphs, and of the infinitely many known cubic partial cubes all but one (the Desargues graph) are bipartite polyhedral graphs [28] , and may therefore be represented as orthogonal polyhedra using the algorithms we describe here.
A hint that care is needed in defining orthogonal polyhedra is given by Donoso and O'Rourke [23] . As they show, spherical and toroidal polyhedra in which all faces are rectangles (even allowing adjacent faces to be coplanar) must also have all faces and edges axis-parallel for some orientation of the polyhedron, but there exist higher-genus polyhedra with rectangular faces that have more than three edge orientations. Biedl et al. [7] define two interesting subclasses of orthogonal polyhedra, which they call orthostacks and orthotubes; they also consider orthogonal polyhedra that are somewhat more general than ours, in that they allow the graph of the polyhedron to be disconnected (resulting in faces that are not simple polygons) while we do not.
Bipartite cubic polyhedral graphs and their dual graphs, the Eulerian triangulations, have also been studied independently of their geometric representations, in connection with Barnette's conjecture that all bipartite cubic polyhedral graphs are Hamiltonian [4] . Batagelj, Brinkmann and McKay [5, 11] described a method for reducing any Eulerian triangulation to a simpler graph in the same class, based on which Brinkmann and McKay show how to efficiently generate all sufficiently small Eulerian triangulations; they also generate 4-connected Eulerian triangulations by filtering them from the larger set of all Eulerian triangulations. Our proof that 4-connected Eulerian triangulations are dual to corner polyhedra uses a different reduction scheme that remains within the class of 4-connected Eulerian triangulations.
CORNER POLYHEDRA AND ROOTED CYCLE COVERS
As stated in the introduction, we define a corner polyhedron to be a simple orthogonal polyhedron with the additional property that three faces (the back faces) are oriented towards the vector (−1, −1, −1), and all remaining faces (the front faces) are oriented towards the vector (1, 1, 1) . The three back faces necessarily share a vertex, the hidden vertex. Parallel projection of a corner polyhedron onto a plane perpendicular to the vector (1, 1, 1) gives rise to a drawing, the so-called isometric projection, in which the axis-parallel edges of the three-dimensional polyhedron are mapped to three sets of parallel lines that form angles of π/3 with respect to each other; see Fig. 4 (left) for an example. If the edges of the corner polyhedron have integer lengths, the resulting isometric projection is a drawing of all of the vertices of the polyhedron, except the hidden vertex, on the hexagonal lattice. It is possible to include the hidden vertex as well by connecting it to its three neighbors by lattice paths, one of which is straight and the other two have one bend each; the resulting drawing of the whole graph has two bends.
In an isometric drawing of a corner polyhedron, none of the faces can have an interior angle of 5π/3, for any simple orthogonal polyhedron with such a projected angle would have more than three back faces. Additionally, each face (being the projection of a planar orthogonal polygon) has edges of only two of the three possible slopes. Therefore, each face of the drawing has the shape of a double staircase: there are two vertices at which the interior angle is π/3, and the two sequences of interior angles on the paths between these vertices alternate between interior angles of 2π/3 and 4π/3. (Conversely, it follows by Thurston's results on height functions [61] that a drawing in the hexagonal lattice for which all faces have this shape comes from a three-dimensional orthogonal surface.) Because a simple orthogonal polyhedron forms a planar graph in which all faces have an even number of edges, it must be bipartite; one of its two color classes consists of the vertices at which two edges meet at a sharp (π/3) angle in the isometric drawing, and the other color class contains all the other vertices.
The two-to-one correspondence between interior faces and vertices with sharp angles gives rise to an important structure on the graph of the polyhedron, which we find simpler to describe in terms of its dual graph. The dual graph of a corner polyhedron (as with a bipartite cubic polyhedral graph more generally) is an Eulerian triangulation, a maximal planar graph in which every vertex has even degree. It has a unique planar embedding, for which all the faces are triangles; the triangles may be two-colored so that the two triangles that share each edge have different colors. Within each interior face of the projected corner polyhedron, we connect the dual vertex to its two sharp corners. The result of forming these connections is a structure that we call a rooted cycle cover : a set of vertex-disjoint cycles in the dual Eulerian triangulation, that cover every dual vertex except for the three vertices of the root triangle dual to the hidden vertex, and that include exactly one edge from every triangle with the same color as the root triangle. Conversely, as we show, every rooted cycle cover of an Eulerian triangulation gives rise to a corner polyhedron representation of its dual graph. This equivalence between a combinatorial structure (a rooted cycle cover) and a geometric structure (a corner polyhedron) is a key component of our characterization of the graphs of corner polyhedra.
Specifically, we prove the following results:
Theorem 1. A graph G can be represented as a corner polyhedron, with a specified vertex v as the single hidden vertex, if and only if the dual graph of G has a cycle cover rooted at the triangle dual to v.
Theorem 2. If G is a cubic bipartite polyhedral graph with a 4-connected dual, then it can be represented as a corner polyhedron.
If ∆ is an Eulerian triangulation (the dual to a cubic bipartite planar graph), with a chosen root triangle δ, then we may uniquely two-color the triangles of ∆ so that any two adjacent triangles have distinct colors. For any separating triangle γ of ∆, this coloring will assign equal colors to the three triangles that are on the side of γ that does not contain δ and that are incident to one of the edges of γ. We say that γ has even parity if these three triangles have the same color as δ, and odd parity otherwise. In the rest of this section, we provide a rough sketch of our proofs of the claims stated above. The detailed proof of Theorem 1 comprises Appendices II, III, and IV, the proof of Theorem 2 is in Appendices V and VI, and the proof of Theorem 3 is in Appendix VII of the full version of the paper [32] .
From a corner polyhedron representation of a graph G, we can derive several associated combinatorial structures, the first of which is a rooted cycle cover of the dual of G as described above. The graph of the polyhedron also has a unique 3-edge-coloring given by the orientations of its edges. These colors may be carried over to the dual Eulerian triangulation ∆, but in ∆ they do not form an edge coloring but rather a rainbow partition, a partition of the edges of ∆ into three monochromatic subgraphs such that each triangle of ∆ participates in each of these subgraphs. Each monochromatic subgraph must be biconnected, which implies that it can be oriented as an st-planar graph with the two terminals on the chosen root triangle. From the corner polyhedron representation we may also determine an orientation for each edge of ∆ based on which of the two adjacent primal faces is on which side of the edge in the isometric drawing; this orientation can be shown to be simultaneously st-planar in each monochromatic subgraph, and the requirement that each face of the corner polyhedron is a double staircase may be translated via planar duality into local consistency conditions on the orientations of the edges incident to each dual vertex.
Conversely, given a rooted cycle cover of a graph, we can use it to construct a similar set of combinatorial structures. Because the graph is 3-connected, planar, and bipartite, a theorem of Heawood [39] states that it is 3-face-colorable; the face coloring gives rise to an edge coloring that dualizes to a rainbow partition. A local transformation rule allows us to derive from the cycle cover an orientation on the edges of the dual Eulerian triangulation, in which the orientations of the edges alternate around each vertex except within two triangles incident to the vertex, which both have the same color as the root triangle in the two-coloring of triangles dual to the bipartition of the input graph. We call a rainbow partition together with an orientation having this local alternation property a regular edge labeling. Based on the alternating edge orientations at each vertex, we can show that a regular edge labeling is simultaneously st-planar in each monochromatic subgraph, and that unions of two monochromatic subgraphs (with the orientation reversed in one of the two) are again st-planar. A regular edge labeling allows us to construct a polyhedral representation of the given graph by numbering the vertices of each of these bichromatic subgraphs consistently with the st-planar orientation, and using these numbers as the coordinates of the face planes of G. As we show, the polyhedron constructed in this way must be a corner polyhedron. It follows from this construction that G is the graph of a corner polyhedron if and only if G has a rooted cycle cover.
To complete our characterization, we need to determine the graphs that have rooted cycle covers. To set up an inductive proof that all 4-connected Eulerian triangulations have rooted cycle covers, we develop a technique for decomposing every 4-connected Eulerian triangulation into smaller 4connected Eulerian triangulations. The decomposition uses three operations: splitting the graph into two subgraphs along a 4-cycle (with two subcases depending on the parity of the number of vertices inside the cycle), removing a pair of adjacent degree-four vertices, and collapsing two opposite edges of a degree-four vertex. We prove that these decomposition steps always reduce any 4-connected Eulerian triangulation into smaller graphs, with two base cases: the 6-vertex octahedron and an 11-vertex graph shown as the shaded triangulation in Figure 4 (right). We use this decomposition to prove inductively that every 4-connected Eulerian triangulation has a rooted cycle cover, by showing how to transform cycle covers for the smaller graphs in the decomposition into a cycle cover for the whole graph. Therefore, by the above equivalence between cycle covers and corner polyhedron representations, every cubic bipartite graph with a 4-connected dual can be represented as a corner polyhedron.
If a bipartite cubic graph does not have a 4-connected dual, it may still have a rooted cycle cover. In one direction of the full characterization, if all separating triangles have odd parity, we may show that a rooted cycle cover exists by splitting the dual graph at all of its separating triangles, finding a cycle cover separately for each subgraph created by this splitting process, and forming a cycle cover of the original graph as the union of these separate cycle covers. In the converse direction, if there exists a separating triangle with the same parity as the chosen root vertex, we show by a simple counting argument that no cycle cover can exist.
XY Z POLYHEDRA
Our previous paper [30] defined an xyz graph to be cubic graphs embedded in three dimensional space, with axis parallel edges, such that the line through each edge passes through no other vertices. We can extend this definition to an xyz polyhedron, a simple orthogonal polyhedron whose skeleton forms an xyz graph. An alternative weaker definition is that a singly-intersecting orthogonal polyhedron is a simple orthogonal polyhedron with the property that, for any two faces with a nonempty intersection, their intersection is a single line segment. Geometrically, the intersection of two faces lies along the line of intersection of their planes, so a singly-intersecting polyhedron must be an xyz polyhedron, but not necessarily vice versa. However, the graphs of the two classes of polyhedra are the same: by perturbing the face planes of a singly-intersecting polyhedron, one may obtain an xyz polyhedron that represents the same graph.
As we showed in our previous paper, a planar xyz graph must be 3-connected and bipartite, and the same results hold for xyz polyhedra. Our main result is a converse to this:
Theorem 4. The following three classes of graphs are equivalent:
• Cubic 3-connected bipartite planar graphs,
• Graphs of xyz polyhedra, and
• Graphs of singly-intersecting orthogonal polyhedra.
The idea of the proof is to use induction on the number of separating triangles in the dual Eulerian triangulation. If there are no separating triangles, the given graph has a corner polyhedron representation and we are done. Otherwise, we find a separating triangle that splits the dual graph into two smaller Eulerian triangulations, one of them fourconnected. By induction, the other one has a polyhedral representation, and we can replace one vertex of this polyhedron by a very small copy of a corner polyhedron representing the other split component, forming a representation of the overall polyhedron. Fig. 5 demonstrates an example of the operations needed to glue small copies of split components into a larger polyhedron.
The repeated replacement of polyhedron vertices by small corner polyhedra may eventually lead to features of exponentially small size, but this issue can be sidestepped by replacing the coordinates of the faces by small integers, leading to a polyhedral representation in which all vertex coordinates are integers in the interval [1, n/4].
The proof is in the full paper [32] .
SIMPLE ORTHOGONAL POLYHEDRA
As can be seen in Fig. 1 (right) , the graph of an arbitrary simple orthogonal polyhedra may not always be 3connected, although it is always 2-connected: if any vertex v is deleted, any path through v connecting any two other vertices u and w may be replaced by detouring around the boundary of one of the faces incident to v. Pairs of faces of the polyhedron may meet in multiple edges, and the removal of any two of these edges (or the removal of endpoints from any two of these edges) leaves a disconnected graph. Therefore, there exist graphs of simple orthogonal polyhedra that are not graphs of xyz polyhedra, and we need to use a more general class of graphs to characterize the simple orthogonal polyhedra. Replacing the 3-connectivity condition in the characterization of xyz polyhedra by 2-connectivity would be too general, however. Not every 2-connected bipartite 3-regular graph is the graph of a simple orthogonal polyhedron; for instance, the graph depicted in Fig. 6 is not the graph of a simple orthogonal polyhedron, as the results in this section will show.
Instead, our characterization uses the SPQR tree, a standard tool for representing the planar embeddings of a graph in terms of its triconnected components [20, 21, 38, 42, 51] . The triconnected components of a graph may be multigraphs rather than simple graphs; for instance, the graph shown in Fig. 6 has seven triconnected components: three cubes (the R nodes of an SPQR tree), three 4-cycles (the S nodes of an SPQR tree), and a multigraph with two vertices and three edges (the P node of an SPQR tree).
Theorem 5. The following three classes of graphs are equivalent:
• Cubic 2-connected graphs in which every triconnected component is either a bipartite polyhedral graph or an even cycle,
• Bipartite cubic planar graphs in which the removal of any two vertices leaves at most two connected components (counting an edge between the two vertices as a component, if one exists), and Figure 6 : A 2-connected bipartite cubic planar graph that is not the graph of a simple orthogonal polyhedron.
• Graphs of simple orthogonal polyhedra.
For instance, the graph of Fig. 6 cannot be the graph of a simple orthogonal polyhedron, because removing its top and bottom vertex leaves three connected components, and because it has a multigraph as one of its triconnected components.
The main idea of the proof of Theorem 5 (for which see the full version of the paper [32] ) is to follow the structure given by a decomposition of the graph into triconnected components. In one direction, we show that when any simple orthogonal polyhedron is decomposed into triconnected components, each non-cyclic component inherits a (nonpolyhedral) geometric embedding based on which we can rule out the possibility that any component forms a P node in the SPQR tree. In the converse direction, when we are given a graph in which each triconnected component has the stated form, we represent each bipartite polyhedral triconnected component as a simple orthogonal polyhedron using the results of the previous section, and use the even cycles in the SPQR tree to guide a sequence of gluing steps that combine each of these polyhedral pieces into a single polyhedron that represents the whole graph. Our proof technique leads to a stronger result: if G is the graph of a simple orthogonal polyhedron, then every planar embedding of G can be represented as a simple orthogonal polyhedron.
ALGORITHMS
Below we outline an algorithm that takes a 2-connected cubic planar graph as an input and embeds it as a simple orthogonal polyhedron, when such a representation exists. The algorithms for constructing xyz polyhedra and corner polyhedra are similar but with fewer steps.
Decompose the graph into its triconnected components,
as represented by an SPQR tree, in linear time [38, 42] . Check that the SPQR tree does not contain any P nodes (triconnected components that are multigraphs rather than simple graphs). If it does, report that no orthogonal polyhedral representation exists and abort the algorithm.
2. Transform each triconnected component that is not a cycle into its dual Eulerian triangulation, using a linear time planar embedding algorithm [43] . If any component is nonplanar or has a non-Eulerian dual, report that no orthogonal polyhedral representation exists and abort the algorithm. 6. For each pair of colors x and y in the rainbow partition, construct the subgraph ∆xy formed by edges with those two colors, oriented by reversing the orientations of one of the two colors from the orientation given by the regular edge labeling, and find an st-numbering of each such graph using breadth-first search.
7. For each graph dual to one of the 4-connected Eulerian triangulations, use the st-numbering to construct a representation of the graph as a corner polyhedron: the coordinates of each vertex of the corner polyhedron are triples of numbers from the st-numbering, one from each of the three bichromatic subgraphs of ∆.
8. Glue the corner polyhedra together to form orthogonal polyhedra dual to each non-4-connected Eulerian triangulation. In order to perform this step and the next one efficiently, we represent vertex coordinates implicitly throughout these steps, as positions within a doubly linked list, and after the gluing is completed convert these implicit positions back into numeric values.
9. Glue 3-connected polyhedra together to form arbitrary simple orthogonal polyhedra.
The algorithm needs O(n) expected time when implemented using randomized hash tables; deterministically, it can be implemented to run in O(n(log log n) 2 /(log log log n)) time with linear space. The most complicated step, and the only step that uses more than O(n) deterministic running time, is the one in which we decompose each 4-connected Eulerian triangulation into simpler 4-connected Eulerian triangulations; this step uses a data structure for testing adjacency of pairs of vertices in a dynamic plane graph. If the adjacency testing data structure is implemented using linear-space deterministic integer searching data structures [1] , the total running time is O(n(log log n) 2 /(log log log n)), whereas if it is implemented using hash tables, the total expected running time is O(n).
Theorem 6. We may construct a representation of a given graph as a corner polyhedron, xyz polyhedron, or simple orthogonal polyhedron, when such a representation exists, in O(n) randomized expected time, or deterministically in O(n(log log n) 2 /(log log log n)) time with linear space.
Detailed descriptions of each step together with the running time analyses are given in the full paper [32] . Figure 7 : A bipartite cubic polyhedral graph (left) that has no orthogonally convex representation as a simple orthogonal polyhedron, and its representation as a nonconvex simple orthogonal polyhedron (right).
CONCLUSIONS
We have defined three interesting classes of orthogonal polyhedra, and provided exact graph-theoretic characterizations of the graphs that may be represented by these polyhedra. In particular, every bipartite cubic polyhedral graph has a representation as an orthogonal polyhedron. The following problems remain open for additional investigation:
• Corner polyhedra are orthogonally convex, and orthogonally convex simple polyhedra may be represented as xyz polyhedra, so the orthogonally convex simple polyhedra are sandwiched between two of the classes of polyhedron that we can precisely characterize and for which we provide polynomial time recognition algorithms. However, not every bipartite cubic polyhedral graph has an orthogonally convex representation: if enough dual separating triangles share edges with each other, they may interfere with each other and force any orthogonal polyhedral representation to be nonconvex ( Fig. 7) . Is there a simple condition on the position of the dual separating triangles that characterizes orthogonally convex simple orthogonal polyhedra, and can we test this condition in polynomial time?
• The orthostacks defined by Biedl et al. [7] are also intermediate between corner polyhedra and xyz polyhedra. Can we characterize their graphs?
• Our results hold only for orthogonal polyhedra with three perpendicular edges at each vertex. Can we relax this requirement, and either allow non-perpendicular edges (as in the bidiakis cube, Fig. 2 , center) or more than three edges per vertex (Fig. 2, left) ? In this case, as the figures show, the graph of the polyhedron does not need to be bipartite. Is there some way of replacing problematic vertices by small subgraphs in which all vertices have degree three and all edges are perpendicular, allowing the methods from this paper to apply?
• Since nonplanar xyz graph recognition is hard [30] it seems likely that it will also be difficult to determine whether a given graph is the graph of an orthogonal polyhedron with nonzero genus (Fig. 2, right) , but what about graphs for which an xyz graph representation is already known? In that case, how difficult is it to detemine whether the faces of the xyz representation can be untangled to form a polyhedral representation?
